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1. Introduction 
 
The mechanism of a haptic device should have low inertia, high stiffness, large force 
reflection capability, good kinematic conditioning as well as large workspace, back-drivable, 
low friction, and small weight. 
The first step of mechanism design is to select a proper mechanism structure (or type 
synthesis). For required DOF, several mechanism structures including serial-, parallel-, and 
hybrid-kinematic manipulators can be considered through type synthesis. Based on the 
previous review on haptic mechanisms (Martin and Savall, 2005), most successful haptic 
mechanisms are parallel-type and at least hybrid-type, due to low moving inertia, large 
force reflection and high stiffness. One of major disadvantages of parallel-kinematic 
manipulators may be smaller workspace compared to serial-kinematic counterparts. Joint 
and actuator types are also very important in type synthesis of haptic mechanisms. Most 
commercial haptic mechanisms use only revolute joints and rotary actuators, since those 
types can provide smaller friction, better back-drivability, and larger workspace than 
prismatic joints and linear actuators. In addition to linkage-type haptic devices, wire 
actuation (Agronin, 1987) and magnetic levitation (Berkelman et al., 1996) are also 
developed. In order to give broad information on mechanism structures to readers, novel 
mechanisms employed in haptic devices are classified by DOFs presented in Table 1 and the 
characteristics of each mechanism is briefly explained.  
The second step of mechanism design is the dimensional synthesis of a selected mechanism 
structure. In the design of kinematic dimensions, workspace and other kinematic 
performances need to be considered together. The kinematic performance measures may be 
the manipulability, the inverse of condition number, the minimum force output, and so 
forth, which can be derived from the manipulator’s Jacobian matrix. In general, workspace 
is inversely proportional to force transmission capability, accuracy and stiffness, which are 
closely related to the manipulability. Therefore, compromise between workspace volume 
and one of the kinematic performances related to manipulability should be included in the 
kinematic optimization.  
This chapter is organized as follows. In section 2, novel mechanism structures employed in 
haptic devices are explained. In section 3, the methodologies of kinematic analysis and 
optimization are presented. In section 4, example of kinematic analysis and design of the 
Delta haptic device is illustrated. 
14
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2. Mechanism Structures 
 
In this section, a state of the art in mechanisms of haptic devices is presented from planar to 
spatial mechanisms. Once required degrees of freedom (DOF) of a haptic device is specified, 
several feasible mechanisms to satisfy specified DOF can be synthesized (Tsai, 2001; Kong & 
Gosselin, 2007; Gogu, 2008). The degrees of freedom, F , of a mechanism can be easily 
calculated by well-known Grubler’s formula as (Tsai, 1999) 
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However, degrees of freedom can be simply calculated for serial- and parallel-kinematic 
manipulators as follows: 
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where ic  denotes the total number of independent constraints of the ith leg consisting of a 
parallel manipulators with m legs. Note that for serial manipulators, the first term in Eq. (1) 
always becomes zero. For example, 5-bar can be considered as a planar parallel manipulator 
with two legs, then 2)( 21  ccF   where 3 , 031  c , and 122  c . 
Another example is a spatial parallelogram with two S-S (spherical-spherical) chains. The 
parallelogram has 4)( 21  ccF  , since 6  and 2,1for   15  ici  . Note that 
one rotational DOF along the leg is passive DOF (Tsai, 1999).  
Table 1 shows mechanism structures of developed haptic devices and mechanism structures 
are classified by DOFs.  
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3- 
DOF 
[Wrist Mechanism for the Delta Haptic device] 
- Connecting the wrist on the Delta haptic device for 6-DOF motion. 
- Instead of the linkages of S-P-S chains, wires are used. 
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- PHANTOM Desktop/Omni (Cavusolgu et al., 2002;  http://www.sensable.com) 
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DOF 
[Two PHANTOMs Configuration] 
- Connecting two PHANTOM devices by a 5- or 6-DOF serial Chain 
  (Wang, 2001; Iwata, 1993) 
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[Serial Manipulator] 
- PHANTOM Premium 1.5/6DOF (Chen, 1999; Cohen & Chen, 1999) 
- Actually, it is a hybrid-kinematic manipulator. 
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DOF 
[Hybrid Manipulator] 
- Compact 6-DOF Haptic Interface (Tsumaki et al., 1998; Yoon, 2003) 
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6~10 
DOF 
[Serial Manipulators] 
- ViSHaRD6 (Ueberle & Buss, 2002) 
- ViSHaRD10 (Ueberle et al, 2004) 
- Freedom6s (http://www.mpb-technologies.ca ) 
- Freedom-7 (Hayward, 1995; Hayward et al., 1997) 
Table 1. Mechanism structures of currently developed haptic devices 
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3. Kinematic analysis and optimization 
 
The overall process of haptic rendering is shown in Figure 1. First, according to operator’s 
movement, the controller of a haptic device system measures joint displacements and 
calculates the tip (or end-effector of a haptic device) position and velocity by forward 
kinematics and velocity relation, respectively. Then, the position and velocity commands are 
sent to virtual environments or real tele-operated robots and the contact force between tool 
and environment is calculated or measured. Finally, the required actuation force to realize 
the contact force is calculated through the statics relation of a haptic device. Note that 
scaling or mapping between the measured and commanded positions/forces may be 
required. 
 
Forward 
Kinematics
Velocity 
relation
Virtual 
environment
Statics 
relation
dt
d
θ
θ X
X
F
M
E
E
M
 Fig. 1. Schematic diagram of haptic rendering cycle 
 
3.1 Kinematic analysis 
In this subsection, brief explanation of the kinematic analysis will be given. For the haptic 
rendering cycle, the analyses of forward/inverse kinematics and velocity/statics relations 
are required. The analysis of inverse kinematics is not directly used in the cycle; however it 
is required in the calculation of the Jacobian matrix especially for parallel manipulators.  
In general, the forward kinematics of an n-DOF serial manipulator can be calculated by 
multiplying the Denavit-Hartenberg homogeneous transformation matrices, )(1 iii T  , from 
the base coordinate system to the end-effector coordinate system in series.  
 
)()()( 12211100 nnnn TTTT                                                         (3) 
 
The velocity and statics relations of an n-DOF serial manipulator are given by 
 
FτθX TJJ    and                                                             (4) 
 
where TTT ],[ ωvX   when v  and ω  denote the linear and angular velocity vectors and  
TTT ],[ mfF   when f  and m  are the force and moment vectors. The column vectors of 
Jacobian matrix consist of the joint screws expressed in the axis coordinates (Duffy, 1996).  
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where is  denotes the unit direction vector of the ith joint axis and ir is the position vector 
from the end-effector to the ith joint axis.  
On the other hands, the forward kinematics of an n-DOF parallel manipulator is not 
straightforward and has multiple solutions in general. However, the inverse kinematics is 
much simpler and can be analyzed by using vector-loop equations. The velocity and statics 
relations of an n-DOF parallel manipulator are given by 
 
τFXθ JJ T    and                                                            (6) 
 
where 1 JJJ x .  Here, J  is the diagonal matrix and becomes an nn  identity matrix if 
actuators are linear. The column vectors of xJ  consist of the joint screws expressed in the 
ray coordinates (Duffy, 1996). 
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3.2 Kinematic optimization 
In the preliminary design of a haptic device, large workspace volume, high force 
transmission capability, high accuracy and high stiffness are essential considerations. In 
general, the workspace is inversely proportional to force transmission capability, accuracy 
and stiffness, which are closely related to the manipulability. Therefore, compromise 
between workspace volume and one of the performances related to manipulability are 
required in the kinematic optimization.  
First, the closed form solution for workspace cannot be obtained for most spatial 
manipulators. Usually, workspace is calculated numerically by using the inverse kinematics 
considering actuator strokes and joint limits.  
Some kinematic performance measures such as manipulability, force/velocity transmission 
capability, accuracy and stiffness can be derived from the manipulator’s Jacobian matrix. 
Some of well-known kinematic performance measures are 
 manipulability: the product of the singular values of the Jacobian matrix (Yoshikawa, 
1985) 
 mechanism isotropy: the inverse of the condition number of the Jacobian matrix or the 
ratio of the smallest to the largest singular value of the Jacobian matrix (Salisbury & 
Craig, 1982) 
 minimum force (or velocity) output: the smallest singular value or the force (or 
velocity) output in the worst direction (Kim & Choi, 2001). 
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One of the measures can be used as LDI (Local Design Index), which means the kinematic 
performance at one configuration in workspace. The average value of LDI over whole 
workspace can be obtained by (Gosselin and Angeles, 1989; Kim and Tsai, 2003) 
 
 W dWW )LDI(
1)(GDI ββ                                                      (8) 
 
where W and dW  denote the total workspace volume and a differential workspace, 
respectively, and β  denotes design variables or kinematic dimensions. The sum of LDI over 
workspace can be normalized by the workspace size, which yields a kinematic performance 
measure independent of different workspace volume of design candidates. Therefore, it is 
usually called GDI (Global Design Index). However, maximizing the GDI alone usually 
leads to very small workspace, while maximizing workspace generates poor kinematic 
performances.  Hence, the optimal design problem may be formulated as 
 
min  :    Subject to
)(GDI  :Maxmimize
WW 
β                                                            (9) 
 
where minW  denotes the minimum required workspace volume. The physical meaning is to 
maximize the average value of a selected kinematic performance measure over whole 
workspace while guaranteeing the minimum required workspace volume. 
 
4. Example of the kinematic optimization of a Delta haptic device 
 
In this section, the kinematic analysis and optimization methods for a haptic device are 
illustrated with the Delta haptic device. As explained in section 2, the Delta mechanism 
consists of three R-Pa (Revolute-spatial Parallelogram) legs. Since each leg has one rotational 
constraint (or rotation about the normal vector of the plane made by each parallelogram), 
the combined effects result in three constraints of the rotation of the moving platform. 
Therefore, the moving platform has three translational degrees of freedom.  
As shown in Figure 2, fixed reference frame (x, y, z) is attached to the center O of the fixed 
base. Local fixed frame (xi, yi, zi) is attached to the fixed base at point iA . The moving frame 
(u, v, w) is also attached the center P of the moving platform. The angle, i , is defined as the 
angle from the x-axis to the xi-axis. In Figure 3, the joint angles, iii 321 ,,   for the ith leg are 
defined. A vector-loop equation can be written for each leg: 
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Fig. 2. Top views of the Delta manipulator 
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The problem of inverse kinematics is to find the actuated joint angle, 312111 ,,   for given the 
position vector, p , of the moving platform. From the second element of Eq. (11), i3  is 
obtained by 
 
i
yi
i l
b
2
1
3 cos .                                                                  (13) 
 
Summing the squares of xib , yib , and zib  in Eq. (11) and solving for i2  yields 
 
 12 cosi                                                                   (14) 
 
where )2/()( 3212221222 iiiiiziyixi sllllbbb   . Note that i3  and i2  has two solutions, 
respectively, however only positive values are selected.  Once i3  and i2  are determined, 
i1  can be obtained from Eq. (11) by 
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where iiiii scllg 32211   and iiii sslg 32,22  . 
The forward kinematics problem is to find the position vector, p , of the moving platform 
for given the actuated joint angle, 312111 ,,  .  Geometrically, the point, P, is calculated as 
the intersection point of three spheres centered at iM  , which is located at a distance b from 
iM in the direction of PBi . The detailed derivation can be referred to that of the Maryland 
Manipulator (Tsai, 1999).  
The Jacobian matrix can be derived by differentiating Eq. (10) as 
 
)()( 222111 iiiiiip ll uωuωv                                                 (16) 
 
where pv  is the linear velocity of the moving platform and jiω  is the angular velocity of the 
jth link of the ith leg. To eliminate the passive joint rate, dot-multiplying both sides of Eq. 
(16) by i2u  yields 
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Expressing the vectors in Eq. (17) in the local frame ),,( iii zyx  gives 
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Substituting Eq. (18) into Eq. (17) and applying the result for i=1, 2, and 3, the velocity 
relation can be derived by 
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The design variables of the Delta manipulator can be radii of the fixed base and the moving 
platform, ( ba, ), and lengths of lower and upper legs, ( ii ll 21 , ). For symmetrical design, all 
the legs are set to be identical, i.e., 3,2,1for   ill jij . Therefore, the design variables 
become 
 
],,,[ 21 llbaβ                                                                    (22) 
 
Furthermore, the design variables may be normalized by a characteristic length, a , as 
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In this optimal design problem, the minimum force output is selected as a LDI. The physical 
meaning of the index corresponds to the maximum magnitude of the force vector which can 
be generated in all directions at the end-effector for given unit magnitude of actuator forces 
(Kim and Choi, 2001). The problem of determining the extreme magnitudes of the force 
vector at the end-effector when the magnitude of actuator forces is constrained can be 
formulated as follow: 
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Applying the Lagrange multipliers yields the following eigenvalue problem: 
 
FF 2)( fTJJ                                                                  (25) 
 
The minimum force output for given unit magnitude of actuator forces can be obtained as 
the square root of the minimum eigenvalue of TJJ . Hence, the optimal design problem is 
formulated as 
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
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In this numerical example, the ranges of the normalized design variables and the minimum 
workspace volume are set to 
 
3
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where mma 100 . 
Figure 4 shows the workspace volume and LDI with respect to 1l  and 2l  when mmb 20 . 
As expected, the workspace volume is increasing as 1l  and 2l  are larger, however the LDI 
is larger when 1l  is smaller, because actuated force at iM  is larger when 1l  is smaller.  
Genetic algorithm in Matlab is used to search optimal design variables based on Eq. (26). 
The result is obtained by 
 
mmllb 5.209,2.73,3.17 21  . 
 
Figure 5 shows the mechanism at (0, 0, 200) mm and the workspace volume of the optimized 
Delta haptic device. 
 
 
0.005
0.005
0.005
0.01
0.01
0.015
0.015
0.02
0.02 0.025
0.03
L1 [mm]
L2
 [m
m]
[Workspace Volume [m3]]
50 100 150 200 25050
100
150
200
250
2
22
4
4
6
6
6
8
8
8
10
10
12
12
14
14
4
16
6
L1 [mm]
L2
 [m
m]
[LDI]
50 100 150 200 25050
100
150
200
250
 
Fig. 4. Contour plots of workspace and LDI with respect to 1l  and 2l  for mmb 20  
 
-200 -150 -100 -50 0 50 100 150 200
-200
-100
0
100
200
0
50
100
150
200
y-axis
x-axis
z-a
xis
-200
-100
0
100
200
-200
-100
0
100
200
50
100
150
200
250
300
z-a
xis
 [m
m]
x-axis [mm]y-axis [mm]  Fig. 5. Configuration at (0, 0, 200) mm and workspace volume of the optimized Delta haptic 
device 
 
5. Conclusions 
 
This chapter discuss recent development of novel mechanism structures used in haptic 
device. The kinematic analysis methods of serial- and parallel-kinematic manipulators for 
haptic rendering cycle are presented and some important kinematic measures are suggested. 
The procedure of kinematic optimization of haptic mechanisms is presented. Example of the 
Delta haptic device shows the effectiveness of the kinematic optimization. 
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